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Introduction

Why is w7 scattering interesting

» pions = Goldstone bosons of spontaneous xSB of QCD
» my.q/Agcp ~ percent = high precision possible

» S-matrix approach: w scattering amplitude related only to
itself, also in crossed channels (s < Sing)

» the two scattering lengths (subtractions constants) are the
essential parameters at low energy

» conversely, many other observables are influenced by the
w7 interaction in intermediate or final states
(e.9. K = 27,37, 7 — 3m, (9 — 2)u, TN — 7N,
pp — ppr T, etc.) see talks by Kupst, Lebiedowicz



Introduction

Chiral symmetry + Roy equations
Approach adopted here:

» ChPT:
expansion of A(rm — mm) in powers of mg and p

» dispersion relations:

exact mathematical condition

only two free parameters at low energy
» = ChPT fixes the two subtraction constants

= Roy equation solutions: amplitude at any energy
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Chiral symmetry + Roy equations
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Low energy

Roy equations

Unitarity, analyticity and crossing symmetry = Roy equations

S.M. Roy (71)
So
Retd(s) = kJ(s)+f ds’K{d(s,s’) Imtd(s)
4M72‘_
So
+ / ds’KQi(s,s’) Imti(s’)
amz
So
+ ds’KQZ(s,s') Imt3(s’) +fd(s) +dJ(s)
4M72‘_
s — 4M2
ko(s) = 38+W(288*5a§)
2(s) = ZZ/ ds'K% (s, s') Imt}(s')
V=0 ¢'=
dd(s) = allthe rest [v/So = 0.8GeV /s3 = 2GeV]
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Roy equations

Unitarity, analyticity and crossing symmetry = Roy equations

S.M. Roy (71)

Numerical solutions of the Roy equations
Pennington-Protopopescu, Basdevant-Froggatt-Petersen (70s)
Ananthanarayan, GC, Gasser and Leutwyler (00)
Descotes-Genon, Fuchs, Girlanda and Stern (01)

Kaminski, Peldez and Yndurain (08)

Input: S- and P-wave imaginary parts above 0.8 GeV
imaginary parts of all higher waves
two subtraction constants, e.g. aj and a3

Output: the full 77 scattering amplitude below 0.8 GeV
Note: a3, a inside the universal band = the solution is unique
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Numerical solutions

Ananthanarayan, GC, Gasser, Leutwyler (00)
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Numerical solutions
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Numerical solutions
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Numerical solutions

0.6

0.4

0.2

Real part
o
T

0.4

Roy

— — — Input for E>0.8 Ge

!
08
E(GeV)

Ananthanarayan, GC, Gasser, Leutwyler (00)



Introduction Low energy High energy Summary
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R0y+Ch PT fl nal reSU ItS GC, Gasser and Leutwyler (01)
Phase shifts:
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Low energy

Roy+ChPT: final results

Scattering lengths

GC, Gasser and Leutwyler (01)

a) = 0.22040.001 + 0.009A/4 — 0.002A/3
10-a3 = —0.444+0.003 — 0.01A¢4 — 0.004A/05

where Uy =44+ Ny, I3 =29+ Als

Adding errors in quadrature

0
2h)

10 - a3
0 .2
8 — 9

[Al, = 0.2, Al = 2.4]

0.220 + 0.005
—0.444 £0.01
0.265 + 0.004



Low energy

R0y+Ch PT fl nal reSU ItS GC, Gasser and Leutwyler (01)
Scattering lengths

a) = 0.22040.001 + 0.009A/4 — 0.002A/3
10-a3 = —0.444+0.003 — 0.01A¢4 — 0.004A/05

where Uy =44+ Ny, I3 =29+ Als

Adding errors in quadrature [Aly = 0.2, Al3 = 2.4]
ad = 0.220+0.005
10-a5 = —0.444+0.01
ad—aj = 0.265+0.004

Peldez and Yndurain have criticized these results
Claim 1: our input above 1.4 GeV is not correct (PY 03)
The criticism has been answered (Caprini et al. 03)
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R0y+Ch PT fl nal reSU ItS GC, Gasser and Leutwyler (01)
Scattering lengths

a) = 0.22040.001 + 0.009A/4 — 0.002A/3
10-a3 = —0.444+0.003 — 0.01A¢4 — 0.004A/05

where Uy =44+ Ny, I3 =29+ Als

Adding errors in quadrature [Aly = 0.2, Al3 = 2.4]
ad = 0.220+0.005
10-a5 = —0.444+0.01
ad—aj = 0.265+0.004

Peldez and Yndurain have criticized these results
Claim 2: our calculation for (r?)s is not correct (Y, 04)
The criticism has been answered (Ananthanarayan et al. 04)
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Experimental tests

002|— Universal band

tree (66), one loop (83), two loops (96)

— Prediction (ChPT + dispersion theory, 2001)
DIRAC (2005)

— NA48 K -> 3 11(2005)
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Experimental tests
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Experimental tests
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Recent update: E865 corrected their data
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Experimental tests

= Universal band ISR
e tree (66), one loop (83), two loops (96) N A}
-0.02— — Pprediction (ChPT + dispersion theory, 2001) R )
DIRAC (2005) RS
- — NA48 K -> 3 1(2005)
NA48
E865
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Recent update: E865 corrected their data
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Experimental tests

= Universal band
e tree (66), one loop (83), two loops (96) N A}
-0.02— — Pprediction (ChPT + dispersion theory, 2001) L ]
DIRAC (2005) &

- — NA48 K -> 3 1(2005)
NA48 isospin corrected
E865 isospin corrected
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isospin breaking corrections recently calculated for K4 are es-
Sential at thIS Ievel Of preCiSion GC, Gasser, Rusetsky (09)
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Experimental tests

= Universal band
e tree (66), one loop (83), two loops (96) N A}
-0.02— — Pprediction (ChPT + dispersion theory, 2001) L 1
DIRAC (2005) &
NA48 K -> 3 T1(2005)
all data isospin corrected

-0.03

-0.05

-0.06

isospin breaking corrections recently calculated for K4 are es-
Sential at thIS Ievel Of preCiSion GC, Gasser, Rusetsky (09)
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Experimental tests
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Extensions and improvements

The ACGL Roy analysis can be extended/improved:

» High energy part (Regge) had been taken from the
literature

» new information has become available (e.g. Compete)
» various sum rules put constraints on Regge
(considered only partially in ACGL)

» D and F waves (= driving terms) taken from the literature
Roy equations can be solved for them too

» Roy equations valid up to 68M2 ~ (1.15GeV)?
region 0.8 < /s < 1.15 GeV can be constrained further

» more data available after 2001 (*N — 77N with polarized
targets Kaminski, Lesniak and Rybicki) and
(ete~ — w7~ cross section, CMD-2, SND, KLOE, and
more recently BABAR )
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Roy equations extended: impact of sg — S;

S1
Retd(s) = kJ(s)+ o ds’KJQ(s,s’) Imtd(s’)

S1
+ / ds’KQi(s,s’) Imti(s’)
am2
S1

+ ds’K{&(s,s’) Imta(s’) +9(s) + dJ(s)
4M3r
s — 4M?
ky(s) = ag+ 1omz (283 — 5a5)

o(s) = ZZ][ ds'K (s,s") Imt}(s')

=0/¢'=
all the rest

o
So
—~~

(2]
N—r

V51 =1.15GeV /5; ~ 1.7GeV
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Roy equations extended: impact of sg — S;

Multiplicity of the solution < value of the phases at the matching

pOIntZ Epele, Wanders (77), Gasser, Wanders (99)

» /So = 0.8 GeV =- unique solution (ACGL)

» /S; = 1.15 GeV = 3 free parameters

If 51 > sing = need input on 7}(s)
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Free parameters

Input phases — need to know: [V/So = 0.8 GeV, \/57 = 1.15 GeV]
» three input phases for the SO wave:

{ 82.3° 4 3.4° narrow range (ACGL 00)

58(50) = +10°

82.3° T4 broad range (CCL 06)
69(4MZ) = 185° +10°
69(s1) = 260°+10°
» two input phases for the P wave
61(so) = (108.9+2)°
61(s1) = (166.5+2)°
Conservative range: ete~ — 77~ data more precise
» no input phase for the S2 wave: a3 = §2(s1)
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Inputs taken from phenomenology

Imaginary parts:
77777 unitarity limit Imtg

e Hyams eia
——- Hyams eda
--- Au
-—-- Bugg A
— — BuggB
KLR (2002)
Achasov & Kiselev
— — - KPY (2008) A
— .- KPY (2008) B
—— central representation
uncertainty estimate

0.6 —

04~
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Inputs taken from phenomenology

Imaginary parts:

1
Im tl
0.6 e Hyamseia — 0.6
——— Hyams eda
——— Buggetal. A
0.5|-—-- Buggetal.B —05
KPY (2008)

—— central representation .=
uncertainty estimate
p(1700)

p(1450) + p(1700)




Introduction Low energy High energy Summary Input  higher waves high energy

Inputs taken from phenomenology

Imaginary parts:

2
Imt
0
A Cohen
[ ] Durusoy A 4
o Durusoy B
0.6 o Hoogland A —0.6
o Hoogland B
WZLB A 7
WZLB B
05| ——— KpPY(2008) A 0.5
- —.— KPY (2008) B
Achasov and Shestakov, elastic
—=——~—Achasov Shestakov, inelastic
04| ______ uncertainty range in Fig. 5 of ACGL 04
——— central representation 7
uncertainty estimate
0.3 0.3
0.2 , : - 0.2
0.1 0.1
0 0
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Inputs taken from phenomenology

Inelasticities:

high energy

0.8—

.\'_
0.6 \\b‘

04—

Hyams eia (1973)

Hyams eda (1973)

Cohen et al. (1980)

Etkin et al. (1980)

KLR (2002)

BES (2005)

Bugg, 27. 6. 2005

A&K (2006), Fits 1-3,8-10
KLOE (2007)

input used in Roy equations
KPY (2007)

central Roy solution

Roy solution with high elasticity
Roy solution with low elasticity

0.2+

1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.1

GeV
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Flowchart of the analysis

Roy eq.

Solutions
for S and P ,J_

waves

Driving terms

Roy eq.
Solutions
for D and F
waves

Solve the sum

. rules for the
Phenomenologi caf Regge params
inputs ’

Evaluate the
driving
terms
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Roy equations for D and F waves

S1
Retd(s) = + ds’K92(s,s’) Imt(s)
4M72r
S1
+ / ds’K23(s,s’) Imt3(s’)
am2
S1
+ ds’K92(s,s’) Imt3(s’) +f(s) + d2(s)
4M2
2(s) = Z Z][ ds'Kh (s,s') Imt}(s')
—0 /=
d2(s) = S, P, G and higher waves, high energy

Here the “driving terms” dominate the rhs at low energy: the S and P
wave contributions fix to a large extent the D, F and higher waves

see also poster by R. Kaminski
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Roy equations for D and F waves

0
Imt2

—-—-— Hyams
Buggetal. A
KPY (2008)

-—.— 2(1950)

-—-— p+pmodel

—— central representation
uncertainty estimate

0.2
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Roy equations for D and F waves
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Roy equations for D and F waves
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Cohen et al. (1973)
Losty et al. (1974)
Hoogland et al. A (1977)
Hoogland et al. B (1977)
Martin, Morgan & Shaw
Hyams

PY (2003)

KPY (2008)
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Flowchart of the analysis

Roy eq.

Solutions
for S and P ,J_

waves

Driving terms

Roy eq.
Solutions
for D and F
waves

Solve the sum

. rules for the
Phenomenologi caf Regge params
inputs ’

Evaluate the
driving
terms
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Regge representation

Regge formulae for imaginary parts at fixed I;

ImT'tZO(S,t) — Be(t) <§>ap4(f)5 |OgZ(S/SB) + B (t) (Z)af(t)

IMT'=3(s,t) = B,(t) (Z)a”m
|mT|t:2(S,t) — Be(t) (§>ae(t)

COMPETE collaboration: phenomenological determination of
these parameters

Peldez and Yndurain have also determined these parameters
independently, specifically for =7 scattering
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Sum rules and asymptotic behaviour

Roy equations do not account for all known constraints:

in the I; = 1 channel, one subtraction less is necessary
= Olsson sum rule

M2 % 2ImTO(s,0) +3ImT2(s,0) — 5ImT2(s,0)

2a0-5a%2 = —Z [ ds
0 770 812 Jumz s (s — 4M2)

extend the sum ruletoanyt <0

* 4s 2ImTO(s,t) +3ImT1(s,t) — 5ImT?2(s, 1)
am2 125(S+t —4M7%)

B Oods (s —2M2)ImT2(s,0) 0
amz S(S—4M2)(s—t)(s+t—4M2)

crossing symmetry not fully implemented

=- one t-dependent sum rule in each I; channel
S and P waves do not enter these
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Regge parameters

Our approach:

the trajectories «;(t) and some residues (e.g. 5p(0)) are well
known phenomenologically:

[’ values in GeV~2]

Bp(0) =94 +1 By =69 £ 2 B = 0.025 4+ 0.001
ap(0) =1 af(0) =0.54 £0.05 «a,(0)=045+0.02 ae(0)=0
ap(0) =0.254+0.05 of(0)=0.90+£0.05 «p,(0)=0.914+002 «f0)=05+01

the low-energy contribution to the integrals are determined by
the solution to the Roy equations

= use the sum rules to determine the unknown residues f;(t)

Example: Olsson sum rule

2ap — 585 = o ds s partialw] +5,(0) 772 / CISs((s/—)4|v|2)
Sy a0
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Regge parameters

¢ Inthis way we tune the Regge residues such that the integrals
below and above ~ 1.7 GeV match exactly

e Moreover we also make sure that the imaginary parts (cross
sections) are continuous at ~ 1.7 GeV

e In order to do this we multiply the Regge representations with
“preasymptotic terms”:

| S
ImT " (s,t) = ImTF;egge(s,t) <1 + r“s)

and tune the parameter r, accordingly
e.g. for Iy = 1 we get:

B,(0) =97 £13 rn=-14=+05
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Regge parameters

¢ Inthis way we tune the Regge residues such that the integrals
below and above ~ 1.7 GeV match exactly

e Moreover we also make sure that the imaginary parts (cross
sections) are continuous at ~ 1.7 GeV

e In order to do this we multiply the Regge representations with
“preasymptotic terms”:

| S
ImT " (s,t) = ImTF;egge(s,t) <1 + r“s)

and tune the parameter r, accordingly

e We also fix the t-dependence of the residues (profile) by
continuity

Bx (t) = Bx (0)bx (t)



Introduction Low energy High energy Summary Input higher waves high energy

Regge parameters

)
o
ACGL 2001
=5 KPY I 60
PDG 2009
this work
— partial waves 50

---- contribution from GO
contribution from G2
Regge representation | 40

Vi
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P ] -
04 06 08 1 12 14 16 18 2 22 24
Vs (GeV)

Work in progress with |. Caprini and H. Leutwyler
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Regge parameters

O - -
T
v Biswas et al. (1967)
[ + Cohenetal. (1973)
4 Robertson et al. (1973)
40— = Losty et al. (1974)
mb e Abramowicz et al. (1980)
B ~=22 ACGL 2001
24 PDG 2009
30 this work
partial waves
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20 il —
<
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— | A A -
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Work in progress with |. Caprini and H. Leutwyler
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Regge parameters

[l

v Biswas et al. (1967)
Robertson et al. (1973) —
Hanlon et al. (1976)
ACGL 2001 R
1 PDG 2009
this work —
partial waves
Regge representation E

PRELIMINARY
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1 2 3 4 5 6 8 10
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Work in progress with I. Caprini and H. Leutwyler
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Flowchart of the analysis

Roy eq.

Solutions
for S and P ,J_

waves

Driving terms

Roy eq.
Solutions
for D and F
waves

Solve the sum

. rules for the
Phenomenologi caf Regge params
inputs ’

Evaluate the
driving
terms
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Driving terms

The iterative determination of the driving terms converges

immediately:
0.5
04l — — — starting point
! —— I=0, after iterations
L 1=1, after iterations
—— |=2, after iterations
0.3
>_
D: L
<
Z 0.2
= |
-
L 011
@
o L
%3

Work in progress with I. Caprini and H. Leutwyler
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Application: fit to the vector form factor

L e A B A I

Fit to CMD2 datg |

[ — Fit to KLOE data| |
40 e CMD2 data
L = KLOE data

IF [

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
E (GeV)

Fr(S) oc exp [S /Oo ds/éi(sl)]

T Jamz  S'(s'—s)



Introduction Low energy High energy Summary

Outline

Summary



Summary

Summary

>

the 77 scattering amplitude at low energy can be predicted
with high accuracy thanks to a combination of
chiral symmetry and dispersion relations

experiments (E865, DIRAC and NA48) are reaching the
same level of accuracy and confirm the theory predictions

| have presented an extension of the Roy equation analysis
to higher energy and higher partial waves

no significant changes at low energy (< 0.8 GeV), but a
much better control on the high-energy part

this provides essential information to analyses of
other processes where 77 scattering plays a role

(e.9.n—3mor (g —2),, pp — pp7m)
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1 i
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e Bound of Eidelman and Lukaszuk
= Hyams eia
+ Protopopescu eda
Froggatt and Petersen
—— Bugg A (Zou)
0.6 Bugg B (Sarantsev)
---- Parametrization based on CMD2 + Hyams
X inelasticity that allows maximal phase difference

_— Hyams‘eda | |
L L L L L

0.85 0.9 0.95 1 1.05 11 1.15




Inelasticities
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Cross sections
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Cross sections
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